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St = β +
Jt∑
i=1
c(Ti, ∆i, ST−i ) +
∫ t
0
b(u, Su) du .
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~¯mjl[]_%il_&!xAm]xAm]_Ł]®å_]²HEåqlxW®(m]r£mYqkjB







b(u, Su) du +
∫ t
0











































































φ(ST ) Hn(ST ,
∂ST
∂β


























































































Ti, i ∈ N
ql_r£m]!¢£o]]_!rtm²j¨[u_]rtil&qk_!jlr0Lzj¨r£xmAqkr£0±(Z[]_!m ®å_
















(Ω,F , P )
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f : Rn → R
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f : Rn → R
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f : Rn → R
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D : S(n,1) → P(n,0)
B
rt¦
F = f(V1, . . . , Vn)
]j¨[]_!m
DiF := ∂if(V1(ω), . . . , Vn(ω)) = (
∂f
∂xi
)(V1(ω), . . . , Vn(ω)),
DF := (DiF )i≤n ∈ P(n,0) .

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pi(y) > 0 ,
:= 0
rt¦
pi(y) = 0 .
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F ∈ S(n,1)
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p ∈ N
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U ∈ P(n,1)

E (|δ(U)|p) < ∞ 

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lim
x→±∞
|y|k pi(y) = 0 





i = 1, . . . , n





















E(< DF, U >) = E(F δ(U)) ,
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L = δ(D) :
S(n,2) → S(n,0) :
LiF := DiDiF + θi DiF ,
¦DxAq
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F, G ∈ S(n,2)
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φ ∈ C1b (R
d)
;4'0 	
F = (F 1, . . . , F d), F i ∈ S(n,1).
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F, G ∈ S(n,2)
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(V1, . . . , Vn) ,
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F = (F 1, . . . , F d) ∈ Sd(n,2)
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i = 1, . . . , d














j − γjiF < DF










j = 1, . . . , d
< Dφ(F ), DF j > =
n∑
r=1





























































−F j L(γjiF G) + G γ
ji
F LF
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St = β +
Jt∑
i=1
c(Ti, ∆i, STi−) +
∫ t
0
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(a, x) → c(t, a, x)
;
x → b(t, x)
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i) |c(t, a, x)| ≤ K (1 + |a|)α(1 + |x|)
|b(t, x)| ≤ K (1 + |x|)
ii) |∂xc(t, a, x)|+
∣∣∂2xc(t, a, x)∣∣ + |∂ac(t, a, x)| ≤ K (1 + |a|)α
|∂xb(t, x)|+
∣∣∂2xb(t, x)∣∣ ≤ K
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0 < u1 < . . . < un < T
2m]®å_]_!m]xj¨_











st = β +
Jt(u)∑
i=1
c(ui, ai, su−i ) +
∫ t
0














St = st(T1, . . . , Tn, ∆1, . . . , ∆n) ,
∂∆iSt = ∂aist(T1, . . . , Tn, ∆1, . . . , ∆n) ,
∂2∆j ,∆iSt = ∂
2
aj ,ai
st(T1, . . . , Tn, ∆1, . . . , ∆n) ,




















i ≤ Jt(u), ∂aist
ilŁj¨rti Y_!injl[]__&sPoYŁjlr£xAm


















































∂2aj ,aist = ∂
2
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2 ≥ η2 e−T K > 0 
  Â0Â





∂ansT = ∂ac(tn, an, st−n ) +
∫ T
tn
∂xb(r, sr) ∂ansr dr
uilx
|∂ansT | =





≥ η e−T K .
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= E (hn(T1, . . . , Tn) 1JT =n) ,
®(rtj¨[
hn(t1, . . . , tn)
=E
[
φ′(sT (t1, . . . , tn, ∆1, . . . , ∆n))
∂sT
∂β







t1, . . . , tn
Łm]	®å_]]¢©hZ[]_!xAql_!^u±©%®(r©j¨[
F = sT (t1, . . . , tn, ∆1, . . . , ∆n)
m]
G = ∂βsT (t1, . . . , tn, ∆1, . . . , ∆n)
±




















|∂aisT (t1, . . . , tn, ∆1, . . . , ∆n)|
2
≥ |∂ansT (t1, . . . , tn, ∆1, . . . , ∆n)|













































b(u, Su) du +
∫ t
0












x → σ(u, x)
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C > 0
ﬁ 6-ﬂ 	 	 
i) |σ(u, x)| ≤ C (1 + |x|) ,
ii) |∂xσ(u, x)|+
∣∣∂2xσ(u, x)∣∣ ≤ C ,
iii) |σ(u, x)| ≥ η .
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^ﬂxjlr£xAmﬂm]ﬂj¨[]_¹ykou^ﬂ)^ﬂu¢£rtjlo]]_!i&±¬gEou]Lxil_cjl[YŁjåjl[]_¬ykou^ﬂ)jlr£^`_&i
T1 < . . . < Tn
ql_nArt¥_&m­·Dr£m`j¨[]_Cd²xAmj¨_×Äµ¼5qk¢£xHŁ¢£AxAqkrtjl[]^jl[]r£i»^ﬂ_&m]i¬j¨[YŁj»®å_ª[Y¥A_Ł¢£ql_&uh`ilrt^¡Ä
o]¢¤Łjl_&
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i = 1, . . . , n
¦DxAqwikxA^`_






tm ≤ t < tm+1
±¬Z[]_!mjl[]_%&xAqkql_&ikLxm]]r£mu)«wo]¢t_&qil[u_&^`_rtiArt¥_&mPh












b(tk, Sˆtk)(tk+1 − tk) .
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sˆt = β +
Jt∑
i=1
c(ui, ai, sˆu−i ) +
m(t)−1∑
k=0
σ(tk, sˆtk) ∆kw +
m(t)−1∑
k=0
b(tk, sˆtk) (tk+1 − tk) ,
·µ¸
®([]_&qk_®»_%[Y¥A_]_&m]xŁj¨_&h




Sˆt = sˆt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
®([]_&qk_
∆kW = Wtk+1 −Wtk
±¹dxAql_!xX¥_&q(®å_[Y¥A_8B
∂∆i Sˆt = ∂ai sˆt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
∂2∆j ,∆iSˆt = ∂
2
aj ,ai
sˆt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
∂βSˆt = ∂β sˆt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,














∂xb(tk, sˆtk) ∂ai sˆtk δk +
m(t)−1∑
k=i
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∂xσ(tk, sˆtk) ∂∆iwsˆtk ∆kW +
m(t)−1∑
k=i
∂xb(tk, sˆtk) ∂∆iwsˆtk δk ,
·ÛŁ¸
®([]_&qk_

































































LJ Sˆt = −
Jt∑
i=1
∂2∆i sˆt + θ
J
i ∂∆i sˆt ,
LJ,W Sˆt = L































































St = S0 −
∫ t
0






St = S0 +
∫ t
0
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u(0, S0) = E [φ(ST )|S0] .














































T ) 1JiT≥1 + φ
′(SiT )∂βS
i



















ST = S0 e
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⇒ DiγT = 0
]¦DxAq(¢£¢
1 ≤ i ≤ n
±













σ e−r (T−Tj) ∆j .
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(JT = n)























(1 + σ ∆j) ,
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(1 + σ ∆j) .
aªxjlr£&_jl[YŁj¡r©¦










1 + σ ∆i
¦DxAq(¢£¢





































(1 + σ ∆j)2
= σ2 S2T Aσ
DiσT = (
2 σ3 S2T
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St = S0 +
∫ t
0
r Su du +
∫ t
0























) T + σ WT
) JT∏
j=1









H = (∆1, . . . , ∆n, WT )
± }2xq
¢£¢
i ∈ {1, . . . , n}






1 + µ ∆i
·ÒAA¸
DW (ST ) :=
∂ST
∂WT











i ST ) = 0





DNi (YT ) =
µ ST
S0 (1 + µ ∆i)












(1 + µ ∆j)2
+ σ2 S2T .
gJj¨qlr£A[jk¦DxAqk®åql	!xA^`]oujzj¨r£xm]iArt¥_
DNi (σT ) =
2 µ3 S2T
(1 + µ ∆i)
(Aµ −
1
(1 + µ ∆i)2
) +
2 σ2 µ ST 2
1 + µ ∆i
DW (σT ) = 2 σ µ
2 S2T Aµ + 2 σ
3 S2T
DNi (γT ) = −
DNi (σT )
σT 2
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 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=3,r=0.1,σ=0.2,θ=0.2,λ=4
Malliavin delta without Loc
Privault Malliavin delta without Loc
Finite difference,ε=0.01
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Malliavin delta without Loc
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 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=1,r=0.1,σ=20,λ=10
Malliavin delta without Loc
Finite difference,ε=0.01
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 Monte-Carlo Iteration
Delta of a Call European Option, K=S0=100,T=1,r=0.1,a=20,σ=20,α=20,λ=10
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 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=2,r=0.1,σ=0.2
Malliavin delta
Localised Malliavin delta, a=70
Finite difference,ε=0.1
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